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Abstract. Theory has focused on two leading models of social learning on networks:
Bayesian and DeGroot rules of thumb learning. These models may yield greatly diver-
gent behavior; individuals employing rules of thumb often double-count information and
may be more prone to make poorer decisions in the long run. By conducting a unique lab
experiment in 22 villages in rural Karnataka we test which models best describe a social
learning process on networks. We study experiments in which six individuals are placed
into a network, each with full knowledge of its structure. The participants attempt to
learn the underlying state of the world which is either 0 or 1. Individuals receive indepen-
dent, identically distributed signals about the state in the �rst period only; thereafter,
individuals make guesses about the underlying state of the world and these guesses are
transmitted to their neighbors at the beginning of the following round. Having consid-
ered various environments including complete information and incomplete information
Bayesian models, we provide evidence showing that individuals are best described by
DeGroot rules of thumb wherein they either take simple majority of opinions in their
neighborhood or put more weight on more popular friends.
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1. Introduction

Understanding the mechanisms of social learning is very important, particularly in devel-

oping nations. Because of the lack of formal institutions, missing markets, and information

aggregating mechanisms, agents in developing economies often rely on social connections

for information, opportunities, and references. Social learning on networks is a building

block to understand many economic processes. In turn, before employing models of social
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learning to make policy recommendations in various economic environments, we must �rst

understand which models best describe features of empirical social learning. The mechanics

of the learning process are of policy interest. If the features of social learning are better

described by certain models, those models should be the environment in which the relevant

economic outcomes are to be studied. The two leading classes of social learning models em-

ployed in the network literature are Bayesian learning and DeGroot rules of thumb models.

The models often exhibit distinct behavior. Individuals employing rules of thumb often

double-count information and may be more prone to make poorer decisions in the long run.

In this paper, we will address the question of whether Bayesian learning or DeGroot rules

of thumb models do a better job of describing empirical learning processes on networks.

To study this question we conduct a unique lab experiment in the �eld experiment across

22 villages in rural Karnataka, India. We ran our experiments in villages so that we could

study the relevant population of interest, namely those who could be potentially targeted

by policy that depends greatly on social learning. Our approach was to take fairly simple

networks designed to address this question by having power to distinguish between the

models and then conduct a lab experiment directly in the �eld.

We created networks of six individuals and gave each individual a map of the entire

graph so that the full informational structure was comprehended. The underlying state of

the world was either one or zero with equal probability. At t = 0 each individual received

an independent identically distributed (iid) signal about the underlying state of the world

and were informed that signals were correct with probability 3/4. After receiving the signal

each individual privately made a guess about the state of the world. These guesses were

communicated to each individual's network neighbors at the start of the �rst period, t = 1.

Thereafter, in any given period, each individual knew the guesses of all of her network

neighbors from all past periods. Using this information, she made a guess about the state

of the world, which in turn was communicated to each of her network neighbors at the

beginning of the following period. Individuals were paid for their guess in a randomly

chosen round from the set of rounds that they played that day over the course of all the

experiments and as such were given strong incentives to make their best guess in each

round.1

There is little empirical evidence comparing Bayesian learning with rules of thumb learn-

ing in non-experimental contexts. In empirical data it is not possible to control priors of

agents in the network, nor is it possible to control the signal quality in non-experimental

studies. Moreover, even in experimental contexts in empirical networks (i.e. �eld experi-

ments), separating between the models may be di�cult. First, true structural approaches

are computationally infeasible in real data sets with even moderately sized networks (50

households), as will become clear below in our discussion of computational complexity.

1Of course, it could be the case that players were extremely sophisticated and engaged in experimentation
in early rounds.
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Second, reduced form tests may not su�ce for separating these models. Third, empirical

network data may not be precisely measured, a�ecting the conclusions of a researcher who

is trying to select between di�erent models of learning. There may be problems with esti-

mating a structural model on a sampled network and the survey-obtained social network

may not be precisely the communication channels used in practice, both of which would

induce biases (Chandrasekhar and Lewis (2010)). Since network-based estimation (which

is inherently structural even when using reduced form regressions) is often sensitive to mis-

speci�cation of the network, it is di�cult to cleanly identify which model best describes

the data in a non-laboratory context. Fourth, we are unable to know exactly what infor-

mation is being transmitted in empirical data. Without knowing whether the information

transmitted in this context is beliefs, actions or something else all together, one may mis-

takenly select the wrong model because of not properly specifying the information that is

communicated.

Meanwhile, we believe that for our purposes, conducting a lab experiment outside the

�eld of interest is insu�cient because we desire to describe the social learning process for our

population of interest. We are precisely interested in studying the social behavior of rural

populations in a developing country as this is the relevant population in the aforementioned

literature.

We are able to analyze the data at two levels: the network level and the individual level.

Network level analysis considers the entire network and sequence of actions as a single

observation. That is, theory predicts a path of actions under a model of social learning, for

each individual in each period given a network. At the network level, we address a question

about how well social learning behaves; the observational unit in this approach is the social

network itself. Meanwhile individual level analysis considers the action of an individual,

given a history, as the observational unit.

Our core results are as follows. First, at the network level, we �nd evidence that a

DeGroot rule of thumb model better explains the data than the Bayesian learning model.

This is not to say, however, that the social learning process does not resemble the data

generated by Baysian learning. In fact, the Bayesian learning model explains 44% of the

actions taken by individuals while the best DeGroot rule of thumb explains over 54% of the

actions taken by individuals.2

Second, at the individual level, we �nd that a DeGroot rule of thumb model of learning

performs signi�cantly better than Bayesian learning in explaining the actions of an individ-

ual given a history of play. In fact this model explains nearly 50% of the actions taken by

individuals given a history.

2When we say a model explains x% of the actions, we are interested in x := y−50
50

, where y is the percent of
actions predicted correctly. This is the right normalization since we could always explain half the actions
by �ipping a coin.
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Third, we make a methodological contribution by identifying key problems in estimating

models of Bayesian learning on networks with trembles or quantal response equilibrium

(QRE), as it is the standard technique in the literature. We demonstrate that networks

that are small enough to avoid computational constraints are not large enough to tease out

the di�erences between DeGroot and Bayesian learning with trembles. Meanwhile those

that are large enough to separate the models become computationally infeasible to study

using trembles or QRE.3

We also establish several supplementary results which may also be of independent method-

ological interest. First, we identify a key asymmetry in the social learning on networks

literature. Usually this literature has focused on asymptotic learning, whether individu-

als end up learning the state of the world as time goes to in�nity. Models of Bayesian

learning have focused on action models; namely, individuals observe the actions taken by

their neighbors and update their beliefs accordingly. Under some regularity conditions, this

model of learning has nice asymptotic properties and learning occurs well. Meanwhile, the

literature emphasizing DeGroot learning, e.g. Golub and Jackson (2010), has focused on a

communication model wherein each individual communicates her belief to her neighbors ev-

ery period. This literature, too, has found that asymptotic learning happens with minimal

regularity conditions. However, we point out that such models allow for myopic individuals

(those following rules of thumb) to transmit too much information relative to the Bayesian

learning models. By considering the fair comparison, an action model of DeGroot learning,

we add to the literature the �rst example of networks which satisfy the properties to have

asymptotic learning under both Bayesian (action) and DeGroot (communication) learning

models, but fail to have asymptotic learning with DeGroot (action) learning models.

Second, we establish a unique algorithm to simulate Bayesian learning on networks which

is computationally tight in the sense that asymptotically there can be no faster algorithm.

Namely, the algorithm is O(T ) which is asymptotically the fastest possible algorithm given

our setup.

Third, we provide a discussion of why such questions of social learning must be ad-

dressed in a structural manner and, in particular, using a lab experiment. Researchers

may be tempted to use the intuitions of Bayesian learning and DeGroot learning to test

for correlations in regression analysis of social learning data. Two natural examples are (a)

regressions that check whether individuals overweight the same information if they receive

it through multiple channels and (b) regressions that explore whether individuals treat old

information that cycles back to them as if it was new, additional information. Under these

frames, the null hypothesis is the Bayesian model, since in these speci�cations the Bayesian

models suggest that the relevant parameters ought to be zero. Such an approach would

maintain that a rejection of the zero provides evidence in the direction of the DeGroot rules

3There are two sources which generate complexity problems: the number of individuals, n, and the number
of periods, T .
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of thumb. To test the e�ectiveness of such an approach, we simulate learning data from a

Bayesian model using the aforementioned algorithm as well as from DeGroot models. We

show that such reduced form approaches do not work, namely, the data generated even

by Bayesian learning models do not conform to the intuition for the above approach. We

maintain that, in turn, the researcher ought to proceed by a structural analysis. Given the

computational constraints for structural estimation of learning models in large networks,

this suggests that separating models of social learning are best addressed in a lab setting.

Related Literature. Acemoglu et al. (2010) and Jackson (2008) provide excellent reviews

of the social learning on networks literature. The literature is partitioned by whether the

learning is Bayesian or myopic (following some rule of thumb). On top of this, the literature

layers a myriad of questions such as whether individuals learn from the communication of

exact signals (or beliefs or payo�s of other agents) or by observing others' actions, whether

the information arrives once or enters over time, whether the interaction is simultaneous or

sequential, etc.

Bayesian Learning. The benchmark models of Bayesian learning come from Banerjee (1992)

and Bikhchandani et al. (1992). They examine sequential decisions by Bayesian agents who

observe past actions. These papers point out that consensuses are formed and thereafter

agents end up making the same decision, which may in fact be the wrong decision. Smith

and Sorensen (2000) and Celen and Kariv (2005) look at Bayesian-rational sequential de-

cision making and explore the conditions under which asymptotic learning is attainable.

Acemoglu et al. (2010) extend the framework to consider a social network environment

in which individuals have stochastic neighborhoods. Their main result is that asymptotic

learning occurs even with bounded beliefs for stochastic topologies such that there is an

in�nitely growing subset of agents who are probabilistically �well informed� (i.e. with some

probability observe the entire history of actions) with respect to whom the rest of the agents

have expanding observations. Gale and Kariv (2003) study an environment that is closest to

ours. They only focus on Bayesian learning and extend the learning model to a �nite social

network with multiple periods. At time t each agent makes a decision given her information

set, which includes the history of actions of each of their neighbors in the network. Once

again via the martingale convergence theorem, they point out that connected networks with

Bayesian agents will yield uniform actions in �nite time with probability one.

DeGroot Learning. Ellison and Fudenberg (1993, 1995) are benchmarks for the rule of

thumb learning models. Bala and Goyal (1998) investigate an extension of the two-armed

bandit problem to the network context with boundedly rational agents and demonstrate

that there will be payo� equalization and uniformity of action in the limit via an imitation

principle.

In a network context, DeGroot (1974) provides the most in�uential non-Bayesian frame-

work. Agents observe signals just once and communicate with each other and update their
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beliefs via a weighted and possibly directed trust matrix. Golub and Jackson (2010) charac-

terize the asymptotic learning for a sequence of growing networks. They argue that crowds

are wise, provided that there are not agents that are too in�uential. DeMarzo et al. (2003)

also consider a DeGroot style model and show that as agents fail to account for the rep-

etition of information propagating through the network, persuasion bias may be a serious

concern a�ecting the long run process of social opinion formation. Moreover, they show

that even multidimensional beliefs converge to a single line prior to obtaining a consensus,

thereby demonstrating how a multidimensional learning process can be characterized by a

uni-dimensional convergence. Chatterjee and Seneta (1977), Berger (1981), Friedkin and

Johnsen (1997), and Krackhardt (1987) are among other papers that examine variations on

the DeGroot models.

The main contribution of this paper is to bridge the experimental literature with common

myopic models of learning, motivated by the DeGroot model tradition, in a framework that

allows us to study the Bayesian and DeGroot-like features of empirical social learning

processes. We �ll the gap by conducting experiments designed to precisely aid us in model

selection procedures and establish regularities of the learning process on networks.

Learning Experiments. The literature on social learning experiments begins with Anderson

and Holt (1997), Hung and Plott (2001), and Kubler and Weizsacker (2004). Explicit

network structure are considered in a series of papers by Gale and Kariv (2003) , Choi

et al. (2005, 2009), and Çelen, Kariv, and Schotter (2010).

Choi et al. (2005, 2009) make a seminal contribution to the empirical literature of social

learning by testing the predictions derived by Gale and Kariv (2003) in a laboratory ex-

periment. They are able to show that features of the Bayesian social learning model �t the

data well for networks of three individuals. However, they do not allow for power under

the DeGroot alternatives. In extremely simple networks, such as the ones studied in their

paper, there are few (if any) di�erences in the predicted individual learning behavior by

the Bayesian and the rule of thumb learning models.

Concurrently, and independently, Mobius et al. (2011) have conducted a �eld experiment

using the Facebook network of Harvard undergraduates to identify streams (Bayesian) fea-

tures versus DeGroot features of social learning. We view the paper as complementary to

our own; they perform a �eld experiment version with a similar pursuit. They are interested

in a larger, more realistic network. However, it is also impossible in such an environment

to compute a structural model (as described below). Moreover, the aforementioned ques-

tions of whether or not the network utilized in the estimation is indeed the network of

communication (or has sampling problems) come into the fold. Lastly, given our speci�c

interest in understanding the social learning processes describing individuals whom we seek

to describe in development contexts, their population of study does not suit our purposes.
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Structure of the Paper. The rest of the paper is organized as follows. Section 2 develops

the theoretical framework. Section 3 contains the experimental setup. Section 4 describes

the structural estimation procedure and the main results of the estimation. Section 5

presents the discussion of the pratfalls of reduced form approaches. Section 6 concludes.

2. Framework

2.1. Notation. Let G = (V,E) be a graph with a set V of vertices and E of edges and

put n = |V | as the number of vertices. We denote by A = A (G) the adjacency matrix of G

and assume that the network is an undirected, unweighted graph, with Aij = 1 {ij ∈ E}.
Individuals in the network are attempting to learn about the underlying state of the world,

θ ∈ Θ = {0, 1} . Time is discrete with an in�nite horizon, so t ∈ N.
At t = 0, and only at t = 0, agents receive iid signals si|θ, with P (si = θ|θ) = p and

P (si = 1− θ|θ) = 1−p. The signal correctly re�ects the state of the world with probability
p. We denote by W the set of all possible combinations of signals among agents, which we

will refer to as �worlds�. Therefore w ∈ W is an element w = (s1, ...., sn) with si ∈ {0, 1}.
Note that |W | = 2n. We will use d =

∑
j Aij to refer to the vector of degrees for i ∈ {1, ..., n}

and ξ for the eigenvector corresponding to the maximal eigenvalue of A.

2.2. Bayesian Learning. In our analysis we consider a model of Bayesian learning with

incomplete information. Individuals will have common priors over the relevant state spaces

(described below) and update according to Bayes' rule in each period. We formalize the

model in Appendix LINK. Each agent is drawn from a population which has π share

Bayesian agents and 1 − π share DeGroot agents and this fact is common knowledge,

as is the structure of the entire network. However, there is incomplete information about

the types of the other agents in the network, and the Bayesian individuals will attempt to

learn about the types of the other agents in the network along the path while attempting

to learn about the underlying state of the world. The incomplete information setup is a

useful step beyond the fully Bayesian environment, restricting π = 1. For instance, if an

individual believes that her neighbor does not act in a Bayesian manner, she will process

the information about observed decisions accordingly; as outside observers, the econome-

tricians might think that she is not acting as a Bayesian. This is a very common problem

when testing Bayesian learning, because we need to make very strong assumptions about

common knowledge. A model in which there is incomplete information about how other

players behave attempts to address this issue while only minimally adding parameters to

be estimated in an already complicated system.

2.3. DeGroot Learning. We begin with a classical model of rule of thumb learning on

networks and discuss three speci�c and natural parametrizations. Jackson (2008) contains

an excellent review of DeGroot learning models. In our experiment, we consider DeGroot

action models as opposed to communication models. In action models individuals observe
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the historical actions of their network neighbors, while in communication models individuals

will be able to communicate their beliefs to their neighbors.

We are interested in action models for several reasons. First, the models of Bayesian

learning on networks are action models, so it is the appropriate comparison. Second, it is

extremely di�cult to get reliable, measurable, and believable data of beliefs in a commu-

nication model for a lab experiment conducted in the �eld in rural villages. Third, as it is

di�cult to control and map into data exactly what is (or isn't) communicated by various

agents in a more general communication model, we are able to focus on the mechanics of

the learning process by restricting communication to observable actions. Fourth, this also

�ts with the motivating literature wherein individuals may observe the actions, such as

technology or micro�nance adoption decisions, of their neighbors.

Let T = T (A) be a weighted matrix which parametrizes the weight person i gives to the

action of person j. We study three natural parametrizations of the DeGroot model. The

�rst is uniform weighting wherein each individual weights each of her neighbors exactly the

same. The weight matrix T u (A) is given by

T uij =
Aij
di + 1

and T uii =
1

di + 1

meaning that each individual puts (di + 1)−1 weight on each of her di neighbors as well as

on herself.

The second model we consider is degree weighting. Each individual weights her neighbors

by their relative popularity, given by degree. T d (A) is given by

T dij =
dj∑

j∈Ni dj + di
and T dii =

di∑
j∈Ni dj + di

.

The third model is eigenvector weighting. An individual places weight on her neighbor

proportional to the neighbor's relative importance, given by eigenvector centrality. T e (A)

is given by

T eij =
ξj∑

j∈Ni ξj + ξi
and T eii =

ξi∑
j∈Ni ξj + ξi

where ξ is the eigenvector corresponding to the maximal eigenvalue of A. This is moti-

vated by the idea that an individual may put greater weight on more information-central

neighbors, which eigenvector centrality captures.

While a very natural parametrization of learning, the DeGroot model misses strategic

and inferential features of learning. Behavior is as follows. At time t = 0, individuals receive

w, and accordingly, actions a0 = 1 {w = 1} are taken. At the beginning of t = 1, individual

i observe a
(j)
t for all j ∈ Ni and aggregates information to form beliefs to b1 = Ta0. In

turn, actions are chosen a1=1 {b1 > 1/2}. Now consider time t = k with action pro�le ak.

Then beliefs for stage k + 1 are formed bk+1 = Tak and accordingly actions are chosen
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ak+1=1 {bk+1 > 1/2} . In turn, we have if the limit exists,

a∞ = lim
k→∞

1 {Tak+1 > 1/2}

= lim
k→∞

1 {T · 1 {Tak > 1/2} > 1/2} , ak = 1 {Tak−1 > 1/2} .

2.4. A Fair Comparison. We argue that there is an important gap in the literature of

learning on networks. Models of Bayesian learning in the literature have largely been action

based; individuals observe the actions taken by their neighbors and accordingly update

their beliefs and in this manner asymptotic learning is achieved under certain regularity

conditions. Provided no �nite set of individuals is asymptotically excessively in�uential,

asymptotic learning occurs. However, the literature on DeGroot learning, e.g. Golub and

Jackson (2010), has focused on models of communication to obtain asymptotic learning

results under similar regularity conditions. So long as there is no �nite set of agents that

are too central in a particular sense, the network is wise in the sense that asymptotic

learning occurs. Notice that the wisdom of the DeGroot learning hinges on the fact that an

extensive amount of information is passed along such a model relative to the action model

of Bayesian learning. For a parallel, in Bayesian learning if we introduced a communication

model, then the �ltering problem would be simpler since an agent would know her neighbors'

posteriors exactly.

We argue that there is an asymmetry in the literature; the right abstraction to think

about social learning ought to be parallel across the competing Bayesian and DeGroot

models. By considering the fair comparison, an action model of DeGroot learning, we add

to the literature a key example of networks which satisfy the properties to have asymptotic

learning under both Bayesian (action) and DeGroot (communication) learning models, but

fail to have asymptotic learning with DeGroot (action) learning models.

2.5. An Illustrative Example: Concentric Social Quilts. We present a simple set

up which yields asymptotic learning under action Bayesian and communication DeGroot

models, but fails asymptotic learning with action DeGroot models. This demonstrates

a wedge between DeGroot and Bayesian learning and therefore motivates our learning

experiment.

The motivation for the graph structure comes from Jackson et al. (2010). Networks that

are formed as the equilibrium to a simple favor exchange game will have the property of

being a social quilt. We take a very simple example of such a graph. From the applied

perspective, the intuition to take away is that if graphs are constructed as equilibria of risk-

sharing or favor-exchange games, then they may have such quilt-like substructures. While

these quilt-like structures enable network members to sustain the equilibrium through local

punishment of misbehavior, if the same structures are also the surface describing the �ow

of information, it may be the case that information does not transmit e�ciently.
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Figure 1. A concentric social quilt.

De�ne a concentric social quilt (CSQ) as a graph that consists of triangles quilted together

around a central triangle such that every triangle is connected to exactly three triangles in

the following way. We consider a sequence of CSQs which follows a recursive process as the

number of nodes goes to in�nity:

(1) Take CSQr−1 and let Tr be the set of terminal nodes of CSQr−1.

(2) To each terminal node i ∈ Tr, attach a triangle with two new nodes to it.

Figure 1 shows such a network.

Any CSQr has an initial parent triangle P = (i0, i1, i2). For any node i ∈ Vr we de�ne
the distance to parent d (i, P ) = min {d (i, i0) , d (i, i1) , d (i, i2)}. Likewise, given a triangle

T = (is, ik, ij), we de�ne the distance between triangle T and the parent triangle P as

d (T, P ) = maxi∈T {d (i, P )}.

Definition 2.1. Given a graph CSQr = (Vr, Er) and s ∈ {1, ..., r} we de�ne R (s) , the

level s ring of CSQr as the subgraph R (s) = (V s
r , E

s
r) of nodes that lie in triangles with

distance to parent d (T, P ) = s− 1.

Intuitively, a ring is just the collections of triangles that lie in the s − th level of the

concentric social quilt as seen in Figure 1. Note that for all s, Rs is a graph that consists

on disconnected triangles 3−cliques. De�ne OR (k, r) :=
s=k⋃
s=0

R (r − s) as the subgraph

formed by the outer rings from r− k to r. This subgraph is also disconnected, with a lot of

components, which now are no longer triangles, but rather �trees of triangles� as pictured

in Figure 2.

Definition 2.2. We say that node i ∈ Vr is stuck if there exists a ti ∈ N such that for all

t ≥ ti, ai,t = 0.

A node is stuck if the node for all but �nitely many periods takes the same action. Figure

3 provide two examples of nodes that get stuck despite the majority of nodes in the network

receiving the right signal.
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Figure 2. Components of outer rings

Ex. 1:

Ex. 2: −→

Figure 3. In Ex. 1, two nodes are stuck for all periods t ∈ N, even though
5 of the 7 nodes have received the true signal. In Ex. 2, in the �rst period
4 nodes receive the true signal, and after one node switches, 3 are asymp-
totically stuck.

Proposition 2.1 (Wedge in Learning Models). For a sequence of concentric social quilts

with iid signals with probability p, with probability approaching one

(1) under the DeGroot communication model with uniform weighting the network is

wise,

(2) and under the DeGroot action model with uniform weighting a non-vanishing frac-

tion of nodes get stuck.

The �rst part of the proposition is true since, by Golub and Jackson (2010). To be able

to show asymptotic learning does not happen, it su�ces to consider what fraction of nodes

get stuck with the wrong action. That is we have to characterize the non-vanishing fraction

of nodes get stuck with action 0 if the state of the world is action 1. We de�ne F (r) to be

this fraction.
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Let C ⊂ OR (k, r) be a component (a subgraph as shown in Figure 2). The last level

of nodes in every component correspond to terminal nodes. The most important prop-

erty of these components is that the only connection between each component C and the

rest of the graph is the parent node of the component C, denoted by iC (see Figure 2).

This will be the key property of these components which we will try to explore. Let

Ψ (k) := plimr−→∞
#{OR(k,r)∩S(r)}

#{OR(k,r)} .4 This provides a lower bound on the fraction of nodes

in OR (k, r) that get stuck.

Lemma 2.1 (Asymptotic Bound on F (r)). Suppose there exist a function ψ : N −→ [0, 1],

such that for all k, Ψ(k) ≥ ψ(k). Then for all k, limr→∞ F (r) ≥ 2k+1−1
2k

ψ (k) almost surely.

The intuition of this result is that the fraction of nodes that get stuck is at least as

big as the faction of nodes in the k-th outer most rings that get stuck. Now if there is

a non-trivial lower bound for the fraction of k-outer ring nodes that gets stuck, we are

�nished. To illustrate Proposition 2.1 we present lower bounds on the expected fraction

of nodes that are stuck. Table 1 shows the asymptotic lack of learning. Even with high

quality signals (p = 0.7), at least 16% of nodes get stuck and do not asymptotically learn.

In particular, recall that the benchmark for mistakes is 50%, since a node could guess at

random. Therefore, relative to the expected fraction of nodes that should have learned, at

least 25% actually get stuck with the wrong information.

In addition to motivating the study of DeGroot action models in our experiment, this

example is of independent interest as it illustrates a wedge in the learning on networks

literature between the usual DeGroot and Bayesian models. It also raises the question about

whether certain network structures are better for social learning, given that asymptotic

learning may not occur due to this stuck property. We conjecture that expander graphs

will generate asymptotic learning even with action DeGroot models and address this more

thoroughly in ongoing work.

3. Experiment

3.1. Setting. Our experiment was conducted at 22 villages in Karnataka, India. The

villages range from 1.5 to 3.5 hours' drive from Bangalore. A village setting was chosen

because social learning through networks such as by word-of-mouth communication is of the

utmost importance in rural environments; information about new technology (Conley and

Udry, 2010), micro�nance (Banerjee et al., 2010), among other things propagates through

the social network.

3.2. Overall Game Structure. In each village, individuals played the social learning

game three times, each time with a di�erent network structure. The three networks (see

Figures 1a-1c) were played with a random order in each village. Every network consisted

4The convergence can be stated almost surely.
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of six individuals and each participant was shown the entire network structure as well as

her own location in the network.

At the beginning of each game, every individual was shown two identical bags, one with

three yellow and one blue ball and the other which has three blue balls and one yellow

ball. One of the two bags was chosen at random to represent the state of the world and the

goal of the game was that the participant had to independently guess whether the blue bag

or the yellow bag had been selected. Since there was an equal probability that either bag

could be chosen, we induced priors of 1/2. Before the �rst period, every individual antici-

pated receiving independent signals drawn from the selected bag and therefore participants

anticipated receiving a signal that was correct with probability 3/4.

After receiving their signals in round zero, all individuals simultaneously and indepen-

dently made their best guesses about the underlying state of the world (which bag had been

selected). The game continued to the second round with probability δ. If the game contin-

ued to the second round, at the beginning of the second round each individual was shown

the round one guesses of the other individuals in her neighborhood, Ni. Agents updated

their beliefs about the state of the world and then again made their best guesses about the

state of the world. The game again continued to the following round with probability δ.

This process repeated until the game came to a close. Notice that after the time zero set of

signals, no more signals were drawn during the course of the game. Individuals would only

observe the historical decisions of their neighbors and update their own beliefs accordingly.

Individuals were paid for a randomly chosen round from a randomly chosen game and

therefore faced non-trivial incentives to submit a guess which re�ected their belief about

the underlying state of the world.5

3.3. Network Choice. We selected networks speci�cally so that we could separate be-

tween various DeGroot and Bayesian models considered in the paper. The previous exper-

imental literature on Bayesian learning on networks (Choi et al. (2005, 2009)) make use

of several interesting and parsimonious three-person networks. However, we are unable to

borrow these networks for our study as they were not designed for the purpose of separating

between DeGroot and Bayesian learning. In fact, the networks utilized in Choi et al. (2005,

2009) lack power to pit Bayesian learning against the DeGroot alternatives posited above.

Table 2 shows the fraction of observations that di�er across complete information Bayesian

learning and the DeGroot alternatives for each of the three networks used in Choi et al.

(2005) and Choi et al. (2009). In two of the networks, there are no di�erences between

the equilibrium paths of Bayesian learning and each of the DeGroot alternatives and in the

third network the di�erences are on the order of 15% of the observations.

5There is the possibility that individuals engaged in experimentation and consequently did not choose to
submit aguess which re�ected their belief about the uderlying state of the world. However, given the
expected length of the game (6 rounds), this is somewhat unlikely because returns to experimentation are
very low.
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Given our goal of separating between Bayesian and DeGroot alternatives, we move to an

environment with su�cient decision complexity, with six agents as opposed to three agents,

so that we obtain more power to distinguish between these models while still maintaining

computational tractability.6

We considered all connected, undirected networks with six nodes. Next, we established a

model selection criterion function. This criterion function was a divergence function which

measures the share of node-time observations for which the Bayesian model (with π = 1)

and a DeGroot model pick di�erent actions,

D (G) :=
1

nT

∑
w∈W

T∑
t=1

n∑
i=1

∣∣aBi,t (w | G)− ami,t (w | G)
∣∣ · P (w | θ = 1) ,

where aBi,t(w|G) is the action predicted under the Bayesian model and ami,t(w|G) is the action

predicted under DeGroot with m-weighting, with m one of uniform, degree, or eigenvector.

Morover, to be able to convey these networks in a very simple manner in the rural setting,

we balanced the divergence of the graph with how simply the network could be drawn on

a sheet of paper.

The procedure yields the following networks. Network 1 was chosen to maximize power

when testing the Bayesian model against uniform and degree weighting. Network 2 provided

power in separating all the models. Network 3 was chosen to maximize power when testing

the Bayesian model against eigenvector weighting. Note that in network 3, both the uniform

and degree weighting models predict the same behavior as Bayesian learning along the

equilibrium path. Table 3 shows the results: network 1 has about 75% of the observations

di�ering between Bayesian and DeGroot alternatives, network 2 has about 25% of the

observations di�ering, and network 3 has about 50% of the observations di�ering.

4. Testing the Theory

In order to test how well a model m �ts the data in village r, we will use a divergence

function, de�ned as

D (m, r) :=
1

n(Tr − 1)

n∑
i=1

Tr∑
t=2

Dm
i,t,r

where Dm
i,t,r = |aobsi,t,r − ami,t,r|. This computes the share of actions taken by players that are

not predicted by the model m.7 To examine how poorly model m predicts behavior over

the entirety of the data set, we de�ne the divergence function as

D (m) :=
1

R

R∑
r=1

1

(Tr − 1)n

n∑
i=1

Tr∑
t=2

Dm
i,t,r.

6Moving to seven agents, for instance, would be exponentially more di�cult for our structural estimation.
7Since all models and all empirical data have a �xed �rst stage (given by the signal endowment), the �rst
round should not enter into a divergence metric. In turn, we restrict attention to t ≥ 2.
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Model selection will be based on the minimization of this divergence metric, which can also

be thought of as the fraction of actions not explained by model m.

The divergence is the deviation of the observed data from the theory. We may de�ne

the action prescribed by theory in one of two ways: network level, which looks at the

social learning process as the unit of observation, and individual level, in which the unit of

observation is the individual.

When studying network level divergence, we consider the entire learning process as a sin-

gle observation. Theory predicts a path of actions under the true model for each individual

in each period given a network and a set of initial signals. This equilibrium path that model

m predicts is gives the theoretical action, ami,t,v. When using this approach, we try to assess

how the social learning process as a whole is explained by a model. This method maintains

that the predicted action under m is not path-dependent and is fully determined by the

network structure and the set of initial signals.

When we consider the individual level divergence, the observational unit is the individual.

The action prescribed by theory is conditional on the information set available to i at t−1:

ami,t,v is the action predicted for agent i at time t in treatment r given information set Ii,r,t.

4.1. Social Learning at the Network Level. We begin with the observational unit as

the social network itself and take the whole path of actions {ai,r}r≤R as a single observation.

In our incomplete information Bayesian learning model, we study the case where each

agent has the same probability of being Bayesian,πi = π, ∀i. We can consider three natural

candidates for π. First, we can consider the parameter that minimizes the network level

divergence: the best-�tting value of π, given by π̂ = argmin D (m,π). Second, we can

consider the limit as π → 1. This is the limiting case in which all agents are almost certain

that everyone is Bayesian. Third, we can consider the limit as π → 0.

We �nd that the optimal π̂ are corner solutions. In our dataset, the network level

divergence is invariant to π.8 In particular, while the beliefs change with π , the threshold

for choosing an alternative action is never crossed. In turn, the optimal value corresponds

to π → 0 or π → 1 as a function of which ever has the lower divergence. Thus, we are

relegated to a situation identical to that of the complete information environment, wherein

we can consider the two cases of all agents being Bayesian and all agents being DeGroot.

Table 4 presents the network level divergence for each of the three DeGroot models as well

as the complete information Bayesian model Across all the networks, uniform weighting fails

to explain 25.3% of the data, degree weighting fails to explain 22.9% of the data, complete

information Bayesian learning fails to explain 28.3% of the data, and eigenvector centrality

fails to explain 38.7% of the data. This suggests that the degree and uniform DeGroot

models as well as the Bayesian learning models each explain between 70 to 80% of the

observations.

8Details are provided in a supplementary appendix, available upon request from the authors.
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In each of Networks 1 and 2, degree weighting explains a larger fraction of the data than

the complete information Bayesian model. Uniform weighting explains more of the data

than Bayeisan learning in network 1 but not in network 2. Meanwhile, eigenvector centrality

weighting performs uniformly worse. As expected for Network 3, uniform weighting, degree

weighting, and Bayesian learning give the same prediction along the equilibrium path,

and consequently have the same network level divergence in the data. The data shows

that these models outperform the eigenvector weighting model considerably: they explain

approximately 84% of all agent-round observations, while the latter explains less than 67%

of these observations.

As the optimal π̂ are corner solutions, we need only compare the complete information

Bayesian learning model to each of the DeGroot alternatives. To be able to statistically test

the di�erence of �ts across these di�erent models, we conduct a non-nested hypothesis test

in a GMM setting (e.g. Rivers and Vuong, 2002). Speci�cally, we perform a nonparametric

bootstrap at the village-game level wherein we draw, with replacement, a 22 village-game

blocks of observations, and compute the network level divergence. We then create the

appropriate test statistic, which is a normalized di�erence of the divergence functions from

the two competing models.

Our key hypothesis of interest is a one-sided test with the null of Bayesian learning

against the alternative of the DeGroot model. Table 5A contains the results of the inference

procedure. First, when we look across all topologies, we �nd evidence to reject the Bayesian

model in favor of the degree weighting alternative (p -value of 0.06).

Second, there is suggestive evidence that uniform weighting does better than Bayesian

learning (p -value of 0.14), though it is not statistically signi�cant at conventional levels.

The overall insigni�cance of uniform weighting against Bayesian learning comes from the

reversion of the dominance. In network 1, uniform weighting �ts better than Bayesian learn-

ing by a signi�cant margin and the exact opposite happens for network 2. The suitability

of a model of learning seems to depend on the structure of the graph chosen.

Third, in comparing degree weighting against uniform weighting, we are unable to state

anything conclusive though there is suggestive evidence (p -value of 0.12), that degree

weighting ought performs uniform weighting. The separation is di�cult in part because

there is no ex-ante power to separate them in network 1 (see Table 3), while in network 2

there is evidence for separation at a 10% one-sided level as we have greater ex-ante power.9

Finally, we note that eigenvector centrality is dominated. When looking across all net-

works, it is summarily rejected in favor of any alternative model. Looking at the bootstrap

for a given topology, we �nd that only in the case of network 1 against Bayesian learning

and network 3 against uniform weighting does eigenvector weighting remain statistically

indistinguishable.

9This power was exactly what we had in mind when choosing this topology.
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While Table 5A contained an analysis of the entire data sequence, in Table 5B we re-

strict attention to the �nal period. Intuitively, this measures the divergence of the various

models at the end of the learning process. The conclusions are somewhat similar. The

main take-away is that, when restricting attention to the �nal period, the degree weighting

model performs robustly better than all alternative models, including the naive weighting

model. Also of note is that uniform weighting is no longer distinguishable from eigenvector

weighting, suggesting that they each have similar asymptotic �ts though the path is better

explained by the uniform model. Lastly, Table 5C shows that if we study the �nal few

rounds by focusing on t > 3 , to gain more power, then this result vanishes. The remaining

results, however, remain true even in Table 5C.

Ultimately, the bootstrap provides strong evidence that the null of Bayesian learning

is rejected in favor of the degree weighted DeGroot alternative, suggestive evidence that

Bayesian learning underperforms relative to the uniform weighted DeGroot alternative, and

support for the claim that eigenvector weighting explains the data quite poorly.

4.2. Social Learning at the Individual Level. Having looked at the network level

divergence, we turn our attention to individual level divergence. While this does not purely

address the mechanics of the social learning process as a whole, it does allow us to look at

individual learning patterns. Understanding the mechanics of the individual behavior may

help us microfound the social learning process.10

4.2.1. DeGroot Models. We begin by calculating the individual level divergence for the

DeGroot models.11 Table 6A contains the results of the exercise. First, uniform weight-

ing systematically outperforms eigenvector weighting (by a large margin) and preferential

weighting (by a smaller margin). It is worth noting how well the DeGroot models perform

in terms of predicted individual behavior. Across all three networks, the uniform weighting

model explains approximately 88.9% of all individual observations. Degree and eigenvector

centrality weighting models predict 86% and 75% of all individual observations, respectively.

Furthermore, we look at the individual level divergence village by village. Table 6B shows

the results, by network, regarding how many out of the 22 villages that a given DeGroot

model was the best �tting model. For network 1, uniform weighting is the best �tting (17

villages), for network 2 both uniform and degree weighting are tied (11 villages each), and

for network 3 uniform weighting is by far the best �tting model (21 villages).

10Of course, it may be the case that agents themselves are do not each behave in according to a particular
model while the aggregate social group may best be described by such a model
11When an agent faces a tie, they stay with their previous action. We considered a random tie-breaking
alternative as well, which does not change the results much.



TESTING MODELS OF SOCIAL LEARNING ON NETWORKS 18

4.2.2. Bayesian Learning with Incomplete Information. We now turn our attention to the

Bayesian learning model. Unlike the myopic models, when considering the empirical diver-

gence and the subsequent predicted action ami,t,v , we need to consider the whole path of

observed actions for all agents.

A potential problem arises: since our model of Bayesian learning implies that actions

taken by individuals are deterministic functions of the underlying environment, this implies

that the support of the set of potential paths that individuals could have observed is rather

limited. Therefore, there is a possibility that empirically, Bayesian agents may arrive to

an information set that has zero probability of occurrence. This is problematic for iden-

ti�cation, since the Bayesian learning model is mute when agents have to condition their

inference on zero probability events; any observed action from then on would be admissible

for a Bayesian learning agent. Table 7 shows that zero probability information sets are hit

quite frequently.

With any DeGroot alternative, 100% of the treatments in networks 1 and 2 have at least

one agent hitting a zero-probability information set. Moreover, at least 62% of players in

these networks have hit a zero-probability information set at some point. Though one may

be tempted to interpret the lack of support itself as evidence against a Bayesian model, this

is a delicate issue requiring a more careful treatment.

To compute the divergence across all observations, we need to make the support of

possible paths extend over our entire data set. The usual way to deal with this problem

is to introduce disturbances. In the following subsection we explore a trembling hand or

quantal response equilibrium (QRE) style version of Bayesian learning in which we introduce

the possibility of making mistakes by all agents. Individuals can make mistakes with some

probabilities, and Bayesian agents, knowing the distribution of these disturbances, integrate

over this possibility when updating.

4.2.3. Bayesian Learning with Disturbances and Complexity Problems. To simplify exposi-

tion, we strict attention to the case of a complete information Bayesian model where each

agent is Bayesian. In this extended environment, with probability ε each agent makes a

mistake and chooses the opposite action that a Bayesian agent would chose. This guarantees

full support (any agent can take any action given any history with positive probability).
12 Moreover, if desired, one could potentially describe what a Bayesian learning model

prescribes by taking limit ε→ 0 .

Introducing disturbances comes at a great cost in an environment where agents learn

on networks. The only su�cient statistic for the information set that each agent sees is

the information set itself, as there is no deterministic function between signal endowments

and information sets. This means that through time, the relevant state space (the histories

12Haile et al. (2008) show that QRE imposes no falsi�able restrictions and can rationalize any distribution
of behavior in normal form games. Relating this intuition to our context, one could pick a distribution of
ε such that it rationalizes the incomplete information Bayesian model as describing the data well.
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each agents could have seen) grows exponentially. We show that this makes the problem

intractable for any practical purpose.

First, we note that the algorithm that we use to simulate the Bayesian learning model

without trembles is computationally tight in the sense that asymptotically there is no faster

algorithm.13

Proposition 4.1. The algorithm is O(T ).

Because it takes on the order of T steps to print the output, an algorithm that is O(T ) is

asymptotically e�cient. Speci�cally, the algorithm is Θ
(
nT 4n

)
,14 so if n was growing this

algorithm too would be exponential time.

Second, we show that the extension of this algorithm to an environment with disturbances

is computationally intractable.

Proposition 4.2. Implementing the Bayesian model with disturbances has computational

complexity of Θ
(
4nT
)
. Therefore, the ratio between the model with trembles to the model

with no trembles is Θ
(
4n(T−1)

)
.

To see how computationally intractable is this algorithm, take as an example our own

experimental design. Assume that the original code takes one second to run. With n = 6

and T = 5, the computational time is on the order of 6.9175 × 1018 seconds, which is

8.0064 × 1013 days or 2.1935 × 1011 years. To get some perspective, let us compare the

number of calculations with this very simplistic algorithm with the Choi et al. (2005, 2009)

enviroment, in which n = 3. In this setup, the expected time would be 1.2288×105 seconds

or 1.42 days, which is entirely reasonable for structural econometrics.

In the above exercise, we used the most natural algorithm and one that was e�cient for

the case without disturbances, but an objection may be made that there could perhaps be

a more e�cient algorithm. In Chandrasekhar, Cornejo, and Xandri (2011), we conjecture

that the problem is NP-hard, which is to say that the problem is at least as hard as

NP-complete problems.15 Whether there may or may not be polynomial time solutions

for NP-hard problems is open; if P 6= NP, then none would exist.16 The computer science

literature studying Bayesian learning networks shows that obtaining the probabilities is NP-

hard (Cooper, 1990). In ongoing work, we are looking into the problem of computational

complexity of estimating Bayesian learning on networks with disturbances.

13Our environment consists of �nite graphs where n does not grow in T .
14Recall that we say f1(n) ∈ Θ(f2(n)) if f1 is asymptotically bounded above and below by f2, upto a
constant scale. Formally, if ∃c1, c2 > 0, n such that ∀n > n, c1 · |f2(n)| < |f1(n)| < c2 · |f2(n)|.
15A problem is said to be NP-complete if (a) it is NP which is to say that a given solution can be veri�ed
in polynomial time and (b) it is NP-hard so that any NP problem can be converted to this problem in
polynomial time.
16Speci�cally, the decision problem we are interested in is determining whether an agent i in time period t
given a history always picks the same action under an algorithm as under the Bayesian model with trembles.
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4.2.4. Results. We are interested in studying which model best �ts the data. We look at the

deviation of each agent's action, given the history that the agent has observed at that time,

from the predicted action by the model for that agent given the history. The formalities

are developed in Appendix B.

To compute the individual level divergence for the model with incomplete information,

we need an estimate of π , where again we have restricted πi = π∀i. Again we use the

�lter described in Appendix C to compute the probability that an agent i in village v is

a Bayesian learner. Recall that we have three natural candidates for π : the best-�tting

value, given by π̂ = arg min D (m,π) , the limit as π → 1 , and the limit as \pi\rightarrow0

.

Since guaranteeing full support in this model by reintroducing trembling hand Bayesian

induces computational problems, we make the following arguments regarding the relative

performance of the Bayesian model. First, the fact that we repeatedly observe agents facing

zero probability events, even when there is positive probability that agents may be behaving

in another manner, may be taken as prima facie evidence supporting the idea that this this

model of Bayesian learning with incomplete information on networks fails to explain the

experimental data.

Second, one could make the objection that the considered incomplete information Bayesian

model is not su�ciently rich to capture the characteristics of the data and that, perhaps,

one needs a more nuanced model. This could indeed be the case, but as demonstrated in

Proposition 4.2, it would be computationally infeasible to address a model generating full

support.

Third, it might be the case that indeed we have the right model of incomplete infor-

mation Bayesian model but we lack a theory of what individuals do once they hit zero

probability events. This implies that we assume the existence of a correct set of beliefs

when encountering zero probability events that rationalizes individuals' actions. If this

is the case we may take two di�erent approaches. First, we could be agnostic about the

correct o� equilibrium beliefs. Second, we could consider the case of a richer Bayesian

model that rationalizes the actions taken after an agent hits a zero probability event and

precisely matches the supposed o� equilibrium behavior. Such a model, of course, has the

degree-of-freedom problem.

We begin with the �rst approach, by being agnostic about the o�-equilibrium behavior

and instead restrict attention to observations for which agents were in an information set

that had a positive probability of occurrence. This is the only feasible comparison we can

do given our assumption and agnosticism about the o�-equilibrium beliefs. In this subset

of observations, we can calculate the individual level divergence, since Bayes' rules applies

and the Bayesian learning models gives us a concrete prediction. Of course, we have not

eliminated observations at random, but rather we have eliminated those that were not in

accordance to the Bayesian learning model equilibrium (i.e. those that happened with zero
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probability). This is an admittedly ad hoc approach, requiring the assumption that the

DeGroot model does not perform su�ciently worse o�-equilibrium (where the Bayesian

model in principle could rationalize anything). We will return to this issue below.

Under such an assumption, if it turns out that even in this subset of observations,

Bayesian performs worse than the alternative myopic models considered, then this would

be further evidence that, at the individual level, the Bayesian learning model would not

seem to �t the experimental data well. Based on this idea, we present the calculation of the

individual level divergence measure for observations that were in the support of the model.

Table 8 contains the results of this exercise. It shows that across all networks, as well as for

each network, both degree and uniform weighting DeGroot models have a lower divergence

than the Bayesian model. Speci�cally, it suggests that a model with a limiting π → 0

dominates the corresponding model with π → 1. For instance, across all networks, the

limit where every agent is a degree weighter has an empirical divergence of 0.373 while the

all Bayesian limit has a divergence of 0.538. Similarly, the all naive limit has a divergence

of 0.327 while the all Bayesian limit has a divergence of 0.509.

As in the case of the network level analysis, the individual level divergence does not vary

with π , as long as π ∈ (0, 1). That is, by varying the ex-ante probability of any given

agent being Bayesian, and as long as it is strictly di�erent from 0 or 1 (as we have assumed

throughout), a Bayesian agent would choose the same action on identical information sets.

Upon inspection, this is not because there is no actual e�ect on the inference of each agent

on the true state of the world θ, but instead because the change in inference is not su�ciently

strong that it changes a guess from 0 to 1 (or vice versa). Of course, there are equilibrium

considerations here. Even if, in principle, varying the parameter π a�ects the decision, if

no one chooses di�erent actions for di�erent π's, then there cannot be any di�erence in the

inference made by agents on the actions of others.

To be able to perform inference on the null hypothesis of the Bayesian learning model

against the alternative DeGroot models, again we perform a nonparametric bootstrap. Ta-

ble 9 presents the results for inference comparing the complete information Bayesian model

(each agent is Bayesian) to DeGroot alternatives and Table 10 presents the nonparametric

bootstrap results for inference with the incomplete information model.

Our main hypothesis of interest is a one-sided test of the Bayesian learning null against

the DeGroot alternatives. Tables 9 and 10 show us that both the complete and incomplete

information Bayesian models are strongly rejected against the alternatives of uniform and

degree weighting DeGroot models. Moreover, as in the case of the network level analysis, we

�nd that eigenvector centrality is uniformly rejected against all alternative models. Third,

and perhaps more puzzling, at the individual level we �nd that uniform weighting is a

better description of the behavior than degree weighting; the result holds as signi�cant at a

10% one-sided test. While the evidence is somewhat weak, it still overturns the �nding in

the network level case wherein degree weighting performed better than uniform weighting.
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This suggests that while the entire process may be best described by degree weighting,

conditional on an information set, an individual's action may be best predicted by uniform

weighting. That being said, the divergence for each of these models is quite low, suggesting

that preferential weighting is a strong �t as well.

We now return to the second approach. If we assume that indeed we have the right

model of incomplete information Bayesian model but we are simply missing the correct o�

equilibrium behavior, we could consider the case that a richer Bayesian model could be

the one that rationalizes the actions taken after an agent hits a zero probability event and

precisely matches the supposed o� equilibrium behavior. Notice that even if, for short T ,

the Bayesian model might be under-performing, with probability 1 this will be the opposite

in the long run, inverting the present results. This follows because, if we consider the

Bayesian model as rationalizing anything o�-equilibrium, once we are o� equilibrium, as

t→∞, Bayesian would never be penalized while DeGroot will be penalized in�nitely often

(assuming the behavior does not identically match the DeGroot model for all but �nitely

many periods).

To summarize this section's results, �rst we have presented evidence that the considered

model of Bayesian learning result arrives at zero probability information sets extremely

often. This can be taken as evidence against these particular models. Second, we provide

computational theory that shows that models with trembles, which would smooth out the

zero probability information set problem, are of little practical use to structurally evaluate

empirical data. In turn, methodologically, structural approaches must restrict themselves

to models which allow for zero probability information sets. Third, we take a pass at the

data by ignoring the o�-equilibrium information sets. This evidence suggests that, when

restricting the analysis to positive probability information sets, the divergence minimizing

models have in the limit no Bayesian agents. Finally, we point out that this approach, while

ad hoc, may be inappropriate for a model of incomplete information behavior wherein the

o�-equilibrium behavior is well-matched. However, assuming the researcher is interested in

incomplete information models (because of the computational infeasibility of QRE models),

the argument in favor of the ad hoc approach is rejected only if the researcher believes in

an untestable model which performs well o� equilibrium (since we know on equilibrium it

performs poorly). But such a model is unlikely to be the empirically relevant object.

A natural exercise may be to project the intuitions of these models into a regression

framework. Such a reduced form approach would allow us to avoid computational con-

straints and see whether the patterns in regression provide suggestive evidence of DeGroot

learning as opposed to Bayesian learning. We discuss the prospect of this in the following

section.
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5. Reduced Form

In this section, we discuss two reduced form approaches to study the data. Our moti-

vation for this exercise is twofold. First, given the computational limits of the structural

approach, we are interested in seeing whether reduced form patterns of Bayesian learning

(as opposed to DeGroot learning) may be obtained from the data. Second, since larger

networks, such as those found in empirical data sets, do not lend themselves to structural

approaches for computational reasons, it is worth looking into the e�ectiveness of reduced

form approaches to address these questions.

The central intuition we focus on has to do with double counting information. Under

any of the aforementioned Bayesian models, Bayesian agents should not double-count infor-

mation. However, DeGroot agents do double-count information, and it is on this intuition

that we build the exercise.

We provide two examples of regressions which researchers may run. The �rst set of

regressions explores whether individuals overweight the same information if they receive it

through multiple channels.17 The second set of regressions explore whether individuals treat

old information that cycles back to them as if it is new, additional information. The null in

these regressions is Bayesian model, since one would assume that the relevant parameters

ought to be zero. Thus, a rejection of a zero may provide evidence in the direction of the

DeGroot rules of thumb. The empirical data shows that both these reduced form analyses

seem to provide support in favor of the DeGroot alternatives. However, because we are

able to simulate out the data under the null, we show that these intuitions are wrong.

Speci�cally, when we simulate social learning data under the Bayesian null, the coe�cients

are not as one may have expected.

5.1. Multiplicity. e de�ne a variable which is a dummy for whether individual i makes a

guess of 1 in the �nal period T , yi := 1 {ai,T = 1}. As before, di is the degree of individual
i and Ni is the set of (direct) neighbors Ni = {j ∈ V : ij ∈ E}. Note that di = |Ni| .
Moreover, N2i is the set of second-neighbors of person i; that is, j ∈ N2i means that there

is at least one path of length two between i and j, but no path of length one. Finally, we

de�ne N l
2i to be the set of second neighbors to whom she has exactly l paths.

The �rst regression we run is of the form

(5.1) yi = β0 + β1si + β2ENi [sj |j ∈ Ni] +
∑
l

β3lEN l
2i

[sj |j ∈ N l
2i] + εi.

This is a regression of whether or not individual i ultimately makes a guess of 1 on whether

the individual's signal is 1 (si) the share of ones (ENi [sj |j ∈ Ni]) in individual i's neighbor-

hood, and the share of ones given to each subset of second neighbors to whom i has exactly

l paths (EN l
2i

[sj |j ∈ N l
2i]).

17This speci�cation is similar to that discussed in Mobius, Phan, and Szeidl (2010).
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The interpretation is as follows. β2 measures the impact of her neighborhood receiving a

greater share of ones on an individual's guess. We expect β2 > 0. Moreover, β3l measures

the impact of the subset of her second-neighborhood with multiplicity l. The intuition is

that as the signals of individuals with greater multiplicity ought not be double-counted

under a Bayesian frame, β3l+1 > β3l would be evidence of overweighting redundant infor-

mation that has arrived via multiple channels, while β3l+1 = β3l would provide evidence in

favor of the Bayesian hypothesis.

Table 11B provides the empirical data. Columns (1) and (2) do not include demographic

covariates while columns (3) and (4) do. Moreover, columns (1) and (3) utilize robust

standard errors while columns (2) and (4) provide standard errors clustered at the village

level. Columns are presented in anticipated decreasing order of power, with column (4)

being the most conservative speci�cation. We focus on column (4) for the exposition. As

expected, an individual's own signal being one increases the probability of the �nal guess

being one by 38pp, in a linear probability model framework. Moreover, if the share of

individuals in one's neighborhood with signals of one increase by 10%, an agent has a 4.6pp

increase in the probability of her �nal guess being one. While this seems to be consistent

with the intuition that agents engage in double-counting, the simulation exercise shows that

these patterns cannot be interpreted in that manner.

Table 11A presents the results using simulated data. Speci�cally, given the learning

model, the network structure, and signal endowment, we simulated out the learning path

and then ran the relevant regressions. Column (1) shows results when we simulate the

learning process from the complete information Bayesian model (every agent is Bayesian),

column (2) shows results when we simulate the learning process from uniform weighting

DeGroot, (3) from degree weighting DeGroot, and (4) from eigenvector weighting DeGroot.

The table shows that the Bayesian null does not have coe�cients that are near identical

across multiplicities 1, 2 and 3. Furthermore, the increasing correlation with indirect friends

of higher multiplicities is also not uniformly found across the DeGroot models. Ultimately,

the regressions suggest that the linear projection of this learning process is complex and

may depend crucially on the network structure and set of initial signals.

5.2. Historical Information. Another reduced form that one may look at is whether

individuals re-incorporate historical information that they have previously observed. Con-

sider an individual at period 3. They have observed both their own signals and the signals

of their direct neighbors (insofar as the �rst period guesses of their neighbors will be iden-

tical to their signals). In period three, therefore, a Bayesian individual's guess should not

re-incorporate this information. Instead, it should only update using information about

second-neighbors and the like, about whom they have yet to receive information.

To examine this formally, we perform the following regression. We regress the period

three guess of individual i on her own signal (si) and the average signal of her neigbhorhood

(ENi [sj |j ∈ Ni]) which she would have seen in period three. We also include as regressors
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the average signal of second neighbors (EN2i [sk|k ∈ N2i]) which should be new information

in period three. Lastly, we include the average signal of direct neighbors whose signals can

cycle back via a path of length two back to individual i. Of course, we also include the

agent herself in this set. (Formally, we use ECi [sj |j ∈ Ci], where Ci = {j ∈ V − {i} :

A2
ijAij > 0} ∪ {i} .) The regression is as follows.

yi = α0 + α1si + α2ENi [sj ] + α3EN2i [sk|k ∈ N2i] + α4ECi [sj |j ∈ Ci] + εi.(5.2)

We test the hypothesis of whether α4 = 0, which is our Bayesian null. Notice that α4 > 0

provides evidence that individuals reincorporate information that they already knew as it

cycles through the network.

Table 12B presents the empirical results. As before, columns (1) and (2) do not have

demographic covariates while columns (3) and (4) include them. Moreover, columns (1)

and (3) provide results with robust standard errors while columns (2) and (4) cluster at

the village level. Thus, columns are presented in anticipated decreasing order of power,

with column (4) being the most conservative speci�cation. The empirical results show that

α4 > 0 and α3 > 0. While this seems to provide suggestive evidence for the intuition that

DeGroot weighting reincorporates old information, the simulation results of Table 12A show

evidence that for our environment α3 < 0 for some of these models and α4 > 0 even for

the Bayesian model. Table 12A presents the results when we simulate the data from the

Bayesian and DeGroot models.

5.3. Re�ection on Reduced Forms. Taken together, Tables 11 and 12 have shown that

natural reduced form approaches to test between these models may be misguided without

�rst checking whether the patterns by the learning processes actually match the intuitions.

We are able to study the reduced form projections of the Bayesian model using our simula-

tion algorithm and �nd evidence that, when projected onto a regression for these networks

with this environment, the Bayesian data suggests that the coe�cients can deviate greatly

from our intuitions. This, we argue, provides a strong motivation for the structural ap-

proach to studying the models.

6. Conclusions

In this paper we have investigated whether social learning patterns on small networks

resemble those which would emerge if agents behaved in a Bayesian manner or if they are

better modeled with DeGroot alternatives which are myopic and more simplistic models.

To do so, we developed a simple experiment on networks that were designed to distinguish

between these models, large enough to give us power on this dimension, but small enough

to ensure that simulating a Bayesian learning on networks model was not computationally

intractable. Given our experimental data, we were able to study the social learning process

as a whole by taking the network as the unit of observation and study the behavior of an

individual, which addresses whether an agent acts in a Bayesian manner.
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At the network level we �nd evidence that the degree weighting DeGroot model best

explains the data. The Bayesian learning null is rejected in favor of this alternative model.

However, we maintain that Bayesian learning did an adequate job of describing the data

process, explaining 44% of the actions taken as compared to 54% by the DeGroot alterna-

tive.

At the individual level we �nd that uniform weighting DeGroot performs the best and

both uniform and degree weighting DeGroot models outperform the Bayesian model. How-

ever, we show that the Bayesian model encounters the problem that many individuals

come across zero probability information set. First, this provides suggestive evidence of the

lack of �t of this incomplete information Bayesian model. Second, we demonstrate that

introducing disturbances to smooth out the distribution cannot be a solution in this envi-

ronment. The computational complexity of the problem is damaging to the very approach

of applying QRE or trembles to the Bayesian learning on networks environment. As such,

we recommend that researchers focus on computationally tractable models which will be

easier to falsify.

We also show that reduced form approaches may be problematic. We provide two natural

examples of regressions which build on intuitions separating DeGroot and Bayesian learning

patterns. Equipped with our Bayesian learning algorithm, we simulate learning data from

the Bayesian model as well as from DeGroot models and show that the reduced form

regression outcomes do not conform to the intuitions.

Ultimately, the �ndings suggest that agents and the learning process as a whole may

better be thought of as coming form DeGroot action models where individuals myopically

weight their neighbors' actions when updating their own beliefs. This may imply that social

learning processes empirically may be sub-optimal, with information often getting stuck

in pockets of the network. Having constructed an example of a network which satis�es

asymptotic learning for DeGroot communication models, but where asymptotic learning

fails for DeGroot action models, we argue that in action-learning environments DeGroot

processes may be more damaging to the wisdom of society than previously anticipated.
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Tables

Table 1: Asymptotic Lack of Learning
Fraction Stuck Extent of Learning

Signal Prob. (1) (2) (3) (4)
0.51 41.82% 55.06% 7.18% 14.64%
0.55 35.69% 48.80% 9.31% 20.69%
0.6 28.40% 41.40% 11.60% 29.00%
0.65 21.74% 33.80% 13.26% 37.89%
0.7 15.85% 27.14% 14.15% 47.17%
0.75 10.86% 21.30% 14.14% 56.56%
0.8 6.82% 16.42% 13.18% 65.90%
0.9 1.62% 9.59% 8.38% 83.80%

Note: Column (1) presents a lower bound on the fraction of nodes who get stuck and 
column (2) presents an upper bound.  Column (3) presents an upper bound on the fraction 
of nodes that are right in the limit less p, the fraction of agents who receive the right 
signal in the beginning.  Column (4) presents an upper bound on the fraction of agents 
who began with the wrong initial signal who ended up with the right guess in the limit.
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Total Divergence Divergence in Final Period
Network Uniform Degree Eigenvector Uniform Degree Eigenvector

1 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
2 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
3 9.37% 21.87% 8.98% 12.67% 18.67% 7.67%

Table 2: Fraction of Observations that Differ with the Bayesian Model, Cho et al. (2005, 2009).

Notes: Fraction of observations for which the complete information Bayesian model differs with the DeGroot 
alternative.  Network 1 is the “complete network”, network 2 is the “directed network”, and network 3 is the 
“incomplete network” of Cho et al. (2005, 2009).
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Table 3: Fraction of Observations that Differ with the Bayesian Model
Total Divergence Divergence in Final Period

Network Uniform Degree Uniform Degree
1 70.00% 83.33% 66.67% 100.00% 100.00% 66.67%
2 13.33% 26.67% 33.33% 16.67% 33.33% 33.33%
3 - - 46.67% - - 50.00%

Eigenvector Eigenvector

Notes: Fraction of observations for which the complete information Bayesian model differs with the DeGroot 
alternative.
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Table 4: Network Level Divergence
Network Total Obs Bayesian Uniform Degree

All Networks 1578 0.2833 0.253 0.2288 0.387
1 534 0.4629 0.3367 0.3306 0.5047
2 522 0.2352 0.2704 0.2041 0.3207
3 522 0.1518 0.1518 0.1518 0.3355

Eigenvector

Notes: Network level divergence for the complete information Bayesian model, uniform 
DeGroot weighting, degree DeGroot weighting, and eigenvector DeGroot weighting.
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Table 5A: Significance Tests for Network Level Divergence
Model 0 Model 1 All Networks Network 1 Network 2 Network 3
Bayesian Degree 1.54* 1.32* 0.86 -

0.06 0.09 0.19 -

Bayesian Uniform 1.09 1.62**  -1.54* -
0.14 0.05 0.94 -

Bayesian  -3.16*** -0.59 -2.34  -3.25***
1 0.73 0.99*** 1

Degree Uniform -1.16 -0.19  -1.24* -
0.88 0.57 0.9 -

Degree  -6.59***  -4.23***  -6.51***  -3.25***
1 1 1 1

Uniform  -4.75***  -4.69*** -1.02  -3.25***
1 1 0.85 1

Eigenvector

Eigenvector

Eigenvector

Notes: The test statistic is the normalized difference in the divergence functions of the null 
model 0 and the alternative model 1, and below we show the probability that the test statistic is 
less than 0, estimated via bootstrap with replacement. Denote *** as significant at the one-
sided 1% level, ** at the one-sided 5% level, * at the one-sided 10% level.
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Table 5B: Significance Tests for Network Level Divergence, Final Period
Model 0 Model 1 All Networks Network 1 Network 2 Network 3
Bayesian Degree 1.62** 1.44* 0.79 -

0.05 0.08 0.23 -

Bayesian Uniform 0.65 1.03  -1.79** -
0.25 0.14 0.98 -

Bayesian 0.7 1.31* 0.89 -1.19
0.24 0.08 0.21 0.89

Degree Uniform  -2.16**  -3.48*** -1.19 -
0.98 1 0.89 -

Degree  -1.82**  -1.58* 1.00*** -1.19
0.96 0.93 0 0.89

Uniform 0.05 -0.14 1.26* -1.19
0.47 0.54 0.1 0.89

Eigenvector

Eigenvector

Eigenvector

Notes: The test statistic is the normalized difference in the divergence functions of the null 
model 0 and the alternative model 1, and below we show the probability that the test statistic is 
less than 0, estimated via bootstrap with replacement. Denote *** as significant at the one-
sided 1% level, ** at the one-sided 5% level, * at the one-sided 10% level.
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Table 5C: Significance Tests for Network Level Divergence, t > 3
Model 0 Model 1 All Networks Network 1 Network 2 Network 3
Bayesian Degree 2.00** 1.92** 0.69 -

0.02 0.03 0.24 -

Bayesian Uniform 1.40* 1.97**  -1.56* -
0.08 0.02 0.94 -

Bayesian -0.02 1.79** 0  -2.69***
0.51 0.04 0.5 1

Degree Uniform  -1.73** -1.32 -1.21 -
0.96 0.91 0.89 -

Degree  -3.49***  -1.83**  -2.14**  -2.69***
1 0.96 0.98 1

Uniform  -1.57* -0.95 0.7  -2.69***
0.94 0.83 0.24 1

Eigenvector

Eigenvector

Eigenvector

Notes: The test statistic is the normalized difference in the divergence functions of the null 
model 0 and the alternative model 1, and below we show the probability that the test statistic is 
less than 0, estimated via bootstrap with replacement. Denote *** as significant at the one-
sided 1% level, ** at the one-sided 5% level, * at the one-sided 10% level.
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Divergence
Network No. Obs Uniform Degree Eigenvector

1 522 0.090 0.097 0.219
2 522 0.064 0.099 0.294
3 534 0.102 0.129 0.239

Table 6A: Individual Divergence for DeGroot Models

Notes: The individual level divergence is shown across the three networks for 
each of the three DeGroot models.
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Table 6B: No. of Villages for which the Model is Best-Fitting
Divergence

Network Uniform Degree Eigenvector
1 17 5 3*
2 11 11 1*
3 21 1 0

Notes: Number of villages (out of 22) for which a given model 
is best fitting.  * indicates ties.
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Table 8: Individual Level Divergence on Information Sets in Support
Model Network No. Obs.

Uniform
All 1210 0.33 0.51
1 304 0.34 0.5
2 337 0.32 0.47

Degree
All 969 0.373 0.538
1 261 0.410 0.540
2 324 0.337 0.536

π  → 0 π   → 1

Note: Players number of agents that eventually hit a zero probability 
information set.  Treatments denotes the number of experiments for which at 
least one agent hits a zero probability information set.  Observations denotes 
the number of triples (individual, village, treatment) that is in a zero probability 
information set.
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Table 9: Significance Tests for Individual Level Divergence
Model 0 Model 1 All Networks Network 1 Network 2 Network 3
Bayesian Degree 3.50*** 3.94*** 1.00*** -

0.00 0.00 0.00 -

Bayesian Uniform 4.57*** 3.94*** 3.25*** -
0.00 0.00 0.00 -

Bayesian Eigenvector  -5.16***  -1.2*  -4.35***  -4.24***
1 0.9 1 1

Degree Uniform 1.41* 1.89** 0.67 -
0.08 0.03 0.25 -

Degree Eigenvector  -6.42***  -5.58***  -4.05***  -3.42***
1 1 1 1

Uniform Eigenvector  -7.46***  -4.98***  -2.76***  -5.72***
1 1 1 1

Notes: The test statistic is the normalized difference in the divergence functions of the null 
model 0 and the alternative model 1, and below we show the probability that the test statistic is 
less than 0, estimated via bootstrap with replacement. Denote *** as significant at the one-
sided 1% level, ** at the one-sided 5% level, * at the one-sided 10% level.
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Table 10: Significance Tests for Individual Level Divergence
Model 0 Model 1 All Networks Network 1 Network 2
Bayesian Degree 3.50*** 1.92* 3.65**

0.00 0.07 0.02

Bayesian Uniform 4.57*** 3.72** 1.08**
0.00 0.03 0.02

Notes: The test statistic is the normalized difference in the divergence 
functions of the null model 0 and the alternative model 1, and below we show 
the probability that the test statistic is less than 0, estimated via bootstrap with 
replacement. Denote *** as significant at the one-sided 1% level, ** at the 
one-sided 5% level, * at the one-sided 10% level.
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Table 11A: Weight on Indirect Neighbors (Simulated)
Model

Bayesian Uniform Degree
Signal .3428*** .6074*** .477*** .1593***

Direct .6371*** .3601*** .6652*** .2366***

Indirect 1 0.07 -0.01 1.125***

Indirect 2 .2987*** .1754***

Indirect 3 .1593**

Test Indirect 2 > Indirect 1
t 3.55 -4.44 4.79 -13.64
Probability 0.00 1.00 0.00 1.00
Test Indirect 3 > Indirect 2
t -3.81 -1.44 -12.3 -0.23
Probability 1.00 0.92 1.00 0.59
Observations 396 396 396 396
R - squared 0.81 0.84 0.77 0.61
Note: * p<0.1, ** p<0.05, *** p<0.01

Eigen

[.0543] [.0375] [.0316] [.0337]

[.0574] [.0396] [.0334] [.0356]
-.6179***

[.1176] [.0812] [.0684] [.073]
-.2195*** -.2786***

[.0557] [.0384] [.0324] [.0346]
-.6572*** -.3926*** -.523***

[.1159] [.08] [.0674] [.0719]
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Table 11B: Weight on Indirect Neighbors (Empirical Data)
(1) (2) (3) (4)

Signal .3816*** .3816*** .3882*** .3882***

Direct .4531*** .4531** .4623*** .4623**

Indirect 1 -0.02 -0.02 0 0

Indirect 2 .2* 0.2 .2094* 0.21

Indirect 3 .2968** .2968** .3037** .3037**

Covariates No No Yes Yes

Test Indirect 2 > Indirect 1
t 1.56 1.17 1.4 1.07
Probability 0.06 0.13 0.08 0.15
Test Indirect 3 > Indirect 2
t 0.77 0.74 0.76 0.77
Probability 0.22 0.23 0.23 0.23
Observations 414 414 414 414
R - squared 0.69 0.69 0.69 0.69

[.0997] [.1121] [.1009] [.117]

[.174] [.1902] [.1742] [.1935]

[.2085] [.2961] [.2146] [.3025]

[.1212] [.1322] [.1217] [.1341]

[.1446] [.1356] [.1425] [.1286]

Note: Columns (1) and (3) use robust standard errors. Columns (2) and (4) use 
standard errors clustered at a village level. * p<0.1, ** p<0.05, *** p<0.01. 
Covariates are sex, marital status, age, and education.
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Table 12A: Double Counting Old Information (Simulated)
Model

Bayesian Uniform Degree
Signal .4844*** .6236*** .3262*** .2157***

Direct .5894*** .08*** .2958*** -0.05

Indirect New .3929***

Indirect Repeated .2887*** .4809*** 0.1

Test Indirect New > Indirect Repeated 
t -3.5 -13.94 -2.35 10.33
Probability 1 1 0.99 0
Observations 396 396 396 396
R - squared 0.79 0.93 0.52 0.35
Note: * p<0.1, ** p<0.05, *** p<0.01

Eigen

[.0589] [.0287] [.0533] [.0438]

[.0487] [.0237] [.0441] [.0362]
-.0766* -.2281*** -.1241***
[.0402] [.0195] [.0363] [.0299]

-.4096***
[.0837] [.0408] [.0757] [.0623]
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Table 12B: Double Counting Old Information (Empirical)
(1) (2) (3) (4)

Signal .4626*** .4626*** .4572*** .4572***

Direct .2553*** .2553** .2851*** .2851***

Indirect New .1191** .1191** .1358*** .1358***

Indirect Repeated .1817* .1817** .2056** .2056**

Covariates No No Yes Yes

Test Indirect New > Indirect Repeated 
t -0.5 -0.57 -0.56 -0.69
Probability 0.69 0.71 0.71 0.75
Observations 396 396 393 393
R - squared 0.64 0.64 0.65 0.65

[.0714] [.0776] [.0707] [.0745]

[.0626] [.0942] [.0627] [.0765]

[.051] [.0543] [.0502] [.0445]

[.0998] [.0861] [.1007] [.0901]

Note: Note: Columns (1) and (3) use robust standard errors. Columns (2) and (4) 
use standard errors clustered at a village level. * p<0.1, ** p<0.05, *** p<0.01. 
Covariates are sex, marital status, age, and education.  Village, surveyor, and 
network fixed effects are included in all regressions. * p<0.1, ** p<0.05, *** 
p<0.01
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Appendix A. Complete Information Bayesian Algorithm

A.1. Setup. To begin with, suppose that all agents learn about the state of the world using

Bayes' rule. Assume that this fact is common knowledge for all agents. We will extend

this framework below, but it is the most pedagogical model to help establish notation. It is

crucial to keep in mind that the signal endowment w is a su�cient statistic over the actions

that agents take, since θ is never observed. In turn, the inference that agents need to do

from the other agents' play is concerned with the signal endowment. To proceed we must

establish some notation.

We de�ne µθ0 (w) as the probability of signal endowment w when the true state of the

world is θ. Based on the previous assumptions, we have that:

(A.1)

µθ=1
0 (w) := Pr (w | θ = 1) = p#{i:wi=1} (1− p)N−#{i:wi=1} = p(

∑n
i=1 wi) (1− p)n(1−

∑n
i=1 wi)

(A.2) µθ=0
0 (w) := Pr (w | θ = 1) = p(

∑i=N
i=1

wi
n ) (1− p)(N−

∑i=N
i=1

wi
n )

Following the same reasoning, de�ne µθi,t (w,w) as the belief probability distribution that

agent i has at period t of the game over states w ∈W , given that the true signal endowment

is w. Observe that for di�erent signal endowments, the information sets that each agent

will observe are clearly going to be di�erent. In turn, the belief over signal endowments that

each agent has at each state depends on what was the true signal endowment. Of course,

this measure will be constant over signal endowments that generate the same information

sets.

Also, de�ne pi,t (w) as the belief probability that agent i has at stage t of the game puts

on the event θ = 1, if the information set he observes comes from the true signal endowment

being w. Moreover, put ai,t (w) ∈ {0, 1} as the action that agent i takes at stage t of the

game, if the information set reached comes from the true signal endowment w. The objects

that will be iteratively found will be µθi,t (w,w) , ai,t (w) and pθi,t (w) .

To start the iterations, we need to �nd these objects at t = 1. These are given by

(A.3) pθi,1 (w) =

{
p if wi = si = 1

1− p if wi = si = 0

(A.4) ai,1 (w) = si

(A.5) µθ=1
i,1 (w,w) =

{
0 ∀w ∈W : wi 6= si
µθ=1
0 (w)

Pr(si|θ=1) if wi = si

(A.6) µθ=0
i,1 (w,w) =

{
0 ∀w ∈W : wi 6= si
µθ=0
0 (w)

Pr(si|θ=0) if wi = si
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To model what is exactly what each agent observes, in order to see how beliefs are updated

over the course of the game, we need to introduce some network notation. In particular,

N (i) := Ni ∪ {i}, the set of neighbors of agent i, including i herself. Next, de�ne

(A.7) a
(i)
t (w) :=

aj1,t−1 (w) ,aj2,t−1 (w) , ...,ajd(i),t−1 (w)︸ ︷︷ ︸
actions taken by neighbors

, ai,t−1 (w)︸ ︷︷ ︸
own past action


to be the action pro�le that agent i sees at the beginning of state t, when the true state of

the world is w. If we just write a
(i)
t (without bold letters) we refer to a particular observed

action pro�le.

A.2. Time t+ 1 iteration. At time t, we have

µ
(θ=1)
i,t (w,w) = Pr (w | θ = 1, Ii,t (w))

µ
(θ=0)
i,t (w,w) = Pr (w | θ = 0, Ii,t (w))

p
(θ=1)
i,t (w) = Pr (θ = 1 | Ii,t (w))

p
(θ=0)
i,t (w) = Pr (θ = 0 | Ii,t (w))

where Ii,t (w) is the information set agent i is at stage t of the game, given that the true

type endowment is w. Of course, agent i does not know w, but only the information set

Ii,t. Suppose now the agents receive new information, namely, w ∈ It+1 (w) ⊆ It (w) . Then

(A.8)

µ
(θ=1)
i,t+1 (w,w) := Pr (w | θ = 1, Ii,t+1 (w)) =


0 if w /∈ Ii,t+1 (w)

µ
(θ=1)
i,t (w,w)∑

w′∈It+1
µ
(θ=1)
i,t (w,w)

if w ∈ Ii,t+1 (w)
.

Likewise,

(A.9)

µ
(θ=0)
i,t+1 (w,w) := Pr (w | θ = 0, Ii,t+1 (w)) =

{
0 if w /∈ Ii,t+1 (w)

Pr(w|θ=0,It(w))∑
w′∈It+1

Pr(w′|θ=0,Ii,t(w))
if w ∈ Ii,t+1 (w)

.

Based on the new probability distribution over signal endowments, we can get the proba-

bility over θ as

p
(θ=1)
i,t+1 (w) = Pr (θ = 1 | Ii,t+1 (w)) = Pr (θ = 1 | Ii,t (w) ∩ Ii,t+1 (w))

=
p
(θ=1)
i,t (w)

∑
w∈Ii,t+1(w)

µ
(θ=1)
i,t (w,w)

p
(θ=1)
i,t (w)

∑
w∈Ii,t+1

µ
(θ=1)
i,t (w,w) +

(
1− p(θ=1)

i,t (w)
)∑

w∈Ii,t+1
µ
(θ=0)
i,t (w,w)

.(A.10)

Therefore, we need to compute the relevant information sets. Let ai,t (w) be the action

that agent i takes at time t if con�guration of signals is w. Then we can consider the set of
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worlds that have positive probability at time t, given by

(A.11) W
(i)
t+1

(
a
(i)
t

)
= {w ∈W : aj,t (w) = aj,t for all j ∈ N (i)}

and hence,

(A.12) Ii,t+1 (w) = W
(i)
t+1

(
a
(i)
t (w)

)
In deriving the information set, we were able to eliminate the path of actions observed

by agent i so far by realizing that the actions taken by an agent are deterministic functions

of what they observe. Thus, once we have conditioned on the signal endowment w, the

actions observed a
(i)
t (w) are completely determined; conditioning on them does not change

the probability calculation. However, in environments where we allow for random actions,

as opposed to deterministic actions, this fact is no longer true. While it is a perfectly

sensible and reasonable model, it complicates things computationally in an astronomical

manner. We will return to this problem below.

A.3. Actions. The algorithm described so far gives us how a Bayesian agent i would update

her beliefs if she knows aj,t (w) for all j and has prior beliefs on signal endowments and

states of the world given by

(A.13)
{
µ
(θ=1)
i,t (w,w) , µ

(θ=0)
i,t (w,w) , p

(θ=1)
i,t (w)

}
.

If agent i is Bayesian, then the decision at t+ 1 is given by (when there are no ties)

(A.14) ai,t+1 (w) =


1 if p

(θ=1)
i,t+1 (w) > 1

2

0 if p
(θ=1)
i,t+1 (w) < 1

2

a ∈ {0, 1} if p
(θ=1)
i,t+1 (w) = 1

2

Note that when p
(θ=1)
i,t+1 (w) = 1

2 , we need to use some tie breaking rule. We will use the

�past action� rule. That is, when faced with a tie, an individual will play the action she

played in the previous round, p
(θ=1)
i,t+1 (w) = 1

2 =⇒ ai,t+1 (w) = ai,t (w). Of course, one

could think of many other tie breaking rules, including random tie breaking rule, where

the agent plays each action with the same probability. However, as we will see, this such a

model will be computationally intractable in our framework.

Observe that the above framework extends to situations where some agents play ad

hoc decision rules via DeGroot learning. Suppose that each agent i may be of some type

η ∈ H := {η1, η2, ..., ηK}. For example, take the type space to be

(A.15) H = {Bayesian, Eigenvector, Naive, Preferential}

so each agent may be either a Bayesian agent or a DeGroot agent who constructs simple

linear indexes from the past actions taken by neighbors. In particular, suppose that agent
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i has type ηi = Preferential. In world w and time t+ 1, she observes actions a
(i)
t . Based on

this, she de�nes the following index:

(A.16) Preferentiali,t (w) :=
∑
j∈N(i)

aj,t (w)TPrefij

Therefore, the corresponding action rule is

(A.17) aPi,t+1 (w) =


1 if Preferentiali,t (w) > 1

2

0 if Preferentiali,t (w) < 1
2

a ∈ {0, 1} if Preferentiali,t (w) = 1
2

.

Similarly, we can construct aNi,t+1 (w), aEi,t+1 (w) using TNaive and TEig, respectively.

As long as agents' types are common knowledge, the algorithm described so far can handle

heterogeneity in agents' types without changing the nature of the Bayesian updating.

A.4. Algorithm To Find Action Rules.

Step: 1: Initiate the algorithm with µθ=1
i,1 (w,w) and µθ=0

1 (w,w) given by (A.1) and

(A.2), action rule ai,1 (w) as in (A.4) and pi,1 (w) as in (A.3).

Step: 2: At period t + 1, start with
{
µθ=1
i,t (w,w) , µθ=0

i,t (w,w) , pi,t (w) ,ai,t (w)
}
.

Derive µθ=1
i,t+1 (w) and µθ=0

i,t+1 (w) using using equations (A.9) and (A.8) .

Obtain pi,t+1 (w) from (A.10), and then derive the action that each agent takes,

ai,t+1 (w) depending on the agent's type.

Step: 3: Repeat Step 2 until t = T .

Appendix B. Incomplete Information Bayesian Algorithm

We only include the modi�cation from the above. The only di�erence now is how to

start the algorithm: see that now

(B.1) µθ=1
0 (w) = µθ=1

0 (s, η) =
(
p
∑n
i=1 si (1− p)n−

∑n
i=1 si

) n∏
i=1

πηii (1− πi)1−ηi

(B.2) µθ=0
0 (w) = µθ=1

0 (s, η) =
(

(1− p)
∑n
i=1 si pn−

∑n
i=1 si

) n∏
i=1

πηii (1− πi)1−ηi

See that the assumption of independent types is immaterial to the description of the

algorithm: we could substitute in principle the term
∏n
i=1 π

ηi
i (1− πi)1−ηi for some function

F (η) = Pr (η).
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After each agent sees their "signal" (si, ηi) , we can calculate the derived measures over

worlds as

µθ=1
i,1 (w,w) = Pr ((s, η) , (si, ηi) | (si, ηi) , θ = 1)

=
Pr (w | θ = 1) Pr ((si, ηi) | w, θ = 1)∑

z∈W Pr (z) Pr ((si, ηi) | z, θ = 1)
=

 0 if si 6= si, or η
′
i 6= ηi

µθ=1
0 (w)∑

z∈W µθ=1
0 (z) Pr(si,ηi|z,θ=1)

otherwise

and similarly for µθ=0
i,1 (w,w) . For the other needed objects for the algorithm, we use:

ai,1 (w) =

{
1 if si = 1

0 otherwise

pi,1 (w) =

{
p if si = 1

1− p if si = 0

For the rest of the algorithm, the action rule will depend on the type. Let aBi,t (w) denote

the probability with which agent i at stage t plays a = 1 in world w if acts as a Bayesian,

and aMi,t (w) be the analogous if the agent act as a M−weighter (and then, does not depend

on which state of the world she's in, which only a�ect the learning that she has done so

far). Then, the action pro�le at time t is

ai,t (w) =

{
aBi,t (w) if ηi = 1

aMi,t (w) if ηi = 0

Appendix C. Filtering

De�ne

F0 (η) = Pr (η | I0, π̂)

with I0 the information set of the statistician at t = 0. Since we are controlling the exper-

iment, we know that {s, θ} = I0. Call s
∗ and θ∗ the chosen values by the experimentalist.

For example, if type endowments are independent of both θ and s and the location on the

network

(C.1) F0 (η) =
n∏
i=1

πηii (1− πi)1−ηi

Now, suppose that we have calculated at to time t− 1 :

Ft−1 (η) = Pr (η | It−1, π̂)

De�ne

(C.2) A∗i,t−1 (η) = Pr (ai,t = 1 | It−1, (s∗, η) , π̂) =

{
1− ε if Ai,t−1 (η, s∗) = 1

ε if Ai,t−1 (η, s∗) = 1
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that means, is the probability distribution that the statistician has over actions if she

knew the true type endowment. The probability ε is to ensure that as statisticians, we

put positive weight on every history, and later we take ε → 0. This will not be a problem

empirically, since all histories have positive probability empirically.

See that A∗i,1 (η) = 1 (si = s∗i ) for all η ∈ H for any (reasonable) model that for any

agent, if they see only their signal, they choose their own signal. Let a∗t be the N ×1 action

vector observed by the experimenter at time t.

This function allows us to get the conditional probabilities over actions of all agents as:

Pr (at | It−1, (s∗, η) , π̂) =

 ∏
j:aj=1

Pr (aj,t = 1 | It−1, (s∗, η) , π̂)

 ∏
j:aj=0

(1− Pr (aj,t−1 = 1 | It−1, (s∗, η)) , π̂)

 =

(C.3)

 ∏
j:aj=1

A∗i,t−1 (η)

 ∏
j:aj=0

(
1−A∗i,t−1 (η)

)
Using in (C.3) that agents randomize over actions independently. Then, after observing

action vector a∗t ∈ {0, 1}
n, the statistician updates her beliefs over types as

Ft (η) = Pr (η | It−1, a∗) =
Pr (η | It−1, π̂) Pr (a∗t | It−1, η, π̂)∑
η̃ Pr (η̃ | It−1) Pr (a∗t | It−1, η̃, π̂)

(C.4) =
Ft (η)

(∏
j:a∗j=1A∗i,t−1 (η)

)(∏
j:a∗j=0

(
1−A∗i,t−1 (η)

))
∑

η∈H Ft (η̃)
(∏

j:a∗j=1A∗i,t−1 (η̃)
)(∏

j:a∗j=0

(
1−A∗i,t−1 (η̃)

))
To �nish up the algorithm, we need to calculate A∗i,t (η), but this comes directly from

the algorithm described above.

The algorithm then to get the distribution of η conditional on the whole set of information

is:

Step: 1: Initiate algorithm with F0 (η) as in (C.1)and an action function A∗ as
described above. Moreover, introduce information about s∗ (only thing that we

actually need)

Step: t < T : Taking A∗i,t−1 (η) as given, run learning code as in the previous section

and calculate A∗i,t (η) as in (C.2)

Step: t = T : Once A∗i,T−1 (η) is calculated, calculate likelihood over type endow-

ments as

(C.5) FT (η) =
FT−1 (η)

(∏
j:a∗Tj=1A∗i,T−1 (η)

)(∏
j:a∗T=0

(
1−A∗i,T−1 (η)

))
∑

η̃∈H FT−1 (η̃)
(∏

j:a∗Tj=1A∗i,T−1 (η̃)
)(∏

j:a∗T=0

(
1−A∗i,T−1 (η̃)

))
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Last: Step : Get the probability of being Bayesian of agent i as

(C.6) Πi,t,v (π) ≡ Pr (ηi = 1) =
∑

η̃∈H:η̃i=1

FT (η̃)

Appendix D. Proofs

Lemma D.1. For all k ∈ N, limr−→∞
#{OR(k,r)}

Nr
= 2k+1−1

2k+1 .

Proof. Let Lr = number of terminal triangles in ring r. Of course, we have that Lr = Tr−1.

Because of how CSQr grows, we have the following recursion for Lr :

Lr+1 = 2Lr and L2 = 3.

It can be easily shown that

(D.1) Lr = 3 ∗ 2r−2.

We also need to calculate Nr = # (Vr). Again, because of how CSQr is generated, we have

the following recursion for Nr :

Nr+1 −Nr = 2Lr+1

and it can be also easily shown that

(D.2) Nr = 3 (2r − 1)

Finally, let nk be the number of nodes in a component C ⊂ OR (k, r). It is also easy to

show that

nk = 2k+1 − 1

Now, we are in conditions to state the result. See that

# {O (k, r)}
Nr

=

nodes per component︷︸︸︷
nk ∗

number of components︷ ︸︸ ︷
Lr−k+1

Nr
=
(

2k+1 − 1
) 3 ∗ 2r−k+1−2

3 (2r − 1)

=
2k+1 − 1

2k+1

(
2r

2r − 1

)
−→r−→∞

2k+1 − 1

2k+1

as we wanted to show. �

Proof of Lemma 2.1. The whole idea comes from the fact that

F (r) =
# {O (k, r)}

Nr

(
# {O (k, r) ∩ S (r)}

# {O (k, r)}

)
+

# {S (r)−O (k, r)}
Nr

≥ # {O (k, r)}
Nr

(
# {O (k, r) ∩ S (r)}

# {O (k, r)}

)
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so

F = p lim
r−→∞

F (r) ≥
(

lim
r−→∞

# {O (k, r)}
Nr

)(
p lim

(
# {O (k, r) ∩ S (r)}

# {O (k, r)}

))
=

(
lim
r−→∞

# {O (k, r)}
Nr

)
Ψ (k)

=
2k+1 − 1

2k+1
Ψ (k) ≥ 2k+1 − 1

2k+1
ψ (k)

�

as we wanted to show.

Proof of Proposition 2.1. .

The �rst part follows from Golub and Jackson (2010), since every node has degree 2 or

4, Corollary 1 applies. Namely, max1≤i≤n
di∑
di
→ 0 along our sequence and therefore the

social learning process is wise. The second part follows from Lemma 2.1. �

Proof of Proposition 4.2. Let f (n, T ) be the amount of calculations that should be done

for a network of size n and played for T rounds.

f (n, T ) =

T∑
t=1

n2nt+1(1 + 2nt) = 2n

(
T∑
t=1

2nt +

T∑
t=1

4nt

)

= 2n

[
2n(T+1) − 2n

2n − 1
+

4n(T+1) − 4n

4n − 1

]
= Θ

(
n4nT

)
Meanwhile, the amount of calculations for the original model (with no trembles) is simply

given by

g(n, t) =
∑t=T

t=1
n(22n + 2n+1) = nT (4n + 2n+1) = Θ(nT4n)

Thus, the complexity ratio between the model with trembles and the model with no trembles

is
2n
[
2n(T+1)−2n

2n−1 + 4n(T+1)−4n
4n−1

]
nT (4n + 2n+1)

= Θ

(
1

T
4n(T−1)

)
which completes the proof. �
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